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Abstract
We construct examples which distinguish clearly the classes of p-hyponormal operators for
0 < p ∞. In addition, we show that those examples classify the classes of w-hyponormal, absolute-
p-paranormal, and normaloid operators on the complex Hilbert space. Only a few examples of
p-hyponormal operators have been examined. Our technique can provide many examples related
to the above operators.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
LetH be a separable, infinite dimensional, complex Hilbert space, and denote by L(H)
the algebra of all bounded linear operators on H. An operator T ∈ L(H) is said to be
p-hyponormal if
(T ∗T )p − (T T ∗)p  0, p ∈ (0,∞). (1.1)
If p = 1, then T is hyponormal and if p = 12 , then T is semi-hyponormal [8]. The Löwner–
Heinz inequality implies that every p-hyponormal operator is a q-hyponormal operator for
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88 I.B. Jung et al. / J. Math. Anal. Appl. 304 (2005) 87–95q  p. In particular, T is said to be ∞-hyponormal if (1.1) holds for every p > 0 [7]. An
operator T ∈ L(H) has a unique polar decomposition T = U |T |, where |T | = (T ∗T ) 12
and U is a partial isometry satisfying kerU = ker |T | = kerT and kerU∗ = kerT ∗. If
T = U |T |, then the Aluthge transform of T is defined as T˜ = |T | 12 U |T | 12 [1,6]. An opera-
tor T is w-hyponormal if |T˜ | |T | |T˜ ∗|, where T˜ ∗ := (T˜ )∗. For each p > 0, an operator
T is absolute-p-paranormal if ‖|T |pT x‖  ‖T x‖p+1 for every unit vector x ∈H [5].
Every absolute-q-paranormal operator is absolute-p-paranormal for q  p. We call sim-
ply absolute-1-paranormal as paranormal [4]. An operator T is a normaloid operator if
‖T n‖ = ‖T ‖n for all n ∈ N. Then we have the following implications:
• p-hyponormal (p > 0) ⇒ w-hyponormal [2,6];
• w-hyponormal ⇒ absolute-p-paranormal (p  12 ) ([3] and Proposition 2.7);• absolute-p-paranormal (p > 0) ⇒ normaloid [5].
In general the reverse implications are not true. Seeing that examples for those classes
are not abundant, it is worthwhile to develop examples to distinguish those classes. Our
examples in this paper classify clearly those classes relative to p.
2. Main results
We first consider two 2 × 2 matrices
C := 1
2
(
1 1
1 1
)
and Dx,y :=
(
x 0
0 y
)
with x  0, y  0.
Let H≡ C2 ⊗ 2(Z) and define T (x, y) on H by
T (x, y) :=


. . .
. . . 0
C 0
C 0
Dx,y 0
Dx,y 0
. . .
. . .


, (2.1)
where · denotes the center of the two-sided infinite matrix.
Lemma 2.1. For p ∈ (0,∞), the following are equivalent:
(i) T (x, y) is p-hyponormal;
(ii) it holds that
y  x 1 and x >
(
1
2
) 1
2p
. (2.2)
(2x2p − 1) 2p
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T (x, y) is p-hyponormal ⇔ D2px,y  C2p.
Since Cn = C  0 for any n ∈ N, functional calculus shows that Cp = C for any positive
real number p. Hence we have
D
2p
x,y − C2p =
(
x2p − 12 − 12
− 12 y2p − 12
)
.
Thus we have
D
2p
x,y − C2p  0 ⇔ y  x
(2x2p − 1) 12p
and x >
(
1
2
) 1
2p
.
Hence the proof is complete. 
Lemma 2.2. For each p ∈ (0,∞), define a function Φp(x) on the open interval (( 12 )
1
2p ,∞)
by
Φp(x) = x
(2x2p − 1) 12p
.
Suppose p < q . Then
(i) Φp(x) = Φq(x) for x = 1;
(ii) Φp(x) < Φq(x) for x 	= 1 and x ∈ (( 12 )
1
2q ,∞).
Proof. Since (i) is obvious, we prove only (ii). To do so, we will claim that the function
φ(p,x) := (2x2p − 1) 1p is strictly decreasing w.r.t. p ∈ (0,∞). First, we assume x > 1.
Then
∂φ(p,x)
∂p
= 1
p2
(2x2p − 1) 1p −1(4px2p lnx − (2x2p − 1) ln(2x2p − 1)).
Then
∂φ(p,x)
∂p
· p2(2x2p − 1)1− 1p = 2x2p lnx2p − (2x2p − 1) ln(2x2p − 1)
= 2t ln t − (2t − 1) ln(2t − 1) =: f (t), where t := x2p.
Since f ′(t) < 0 for t > 1 and f (1) = 0, f (t) < 0 for t ∈ (1,∞). Hence φ(p,x) is strictly
decreasing w.r.t. p ∈ (0,∞). Next, we assume(
1
2
) 1
2q
< x < 1.
Also, since f ′(t) > 0 for 12 < t < 1 and f (1) = 0, f (t) < 0 for t ∈ ( 12 ,1). Hence φ(p,x)
decreases strictly w.r.t. p ∈ (0,∞). 
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Rp :=
{
(x, y)
∣∣ y  x
(2x2p − 1) 12p
, x >
(
1
2
) 1
2p
}
.
Theorem 2.3. Let T (x, y) be as (2.1). Then the following assertions hold:
(i) for any p ∈ (0,∞), T (x, y) is p-hyponormal ⇔ (x, y) ∈Rp;
(ii) for p,q ∈ (0,∞), p > q ⇔Rp Rq;
(iii) T (x, y) is ∞-hyponormal ⇔ (x, y) ∈ [1,∞) × [1,∞);
(iv) R0 :=⋃p>0Rp = {(x, y) | y > 1x , x > 0};
(v) {(x, y) | T (x, y) is quasinormal} = ∅.
Proof. (i) and (ii) Use Lemmas 2.1 and 2.2, respectively.
(iii) By (i), it holds obviously that T (x, y) is ∞-hyponormal if and only if (x, y) ∈⋂
p>0Rp . Since
lim
p→∞
x
(2x2p − 1) 12p
= 1,
we have
⋂
p>0Rp = [1,∞) × [1,∞).
(iv) Since
lim
p→0
x
(2x2p − 1) 12p
= 1
x
,
we may prove easily that
R0 =
{
(x, y)
∣∣ y > 1
x
, x > 0
}
.
(v) By a simple computation, we have
∣∣T (x, y)∣∣= Diag{. . . ,C,C, Dx,y ,Dx,y,Dx,y, . . .}.
Hence the polar decomposition of T (x, y) is given by T (x, y) = U |T (x, y)|, where U =
B ⊗ I2, with the bilateral unweighted shift B on 2(Z) and the 2 × 2 identity matrix I2.
Since T (x, y) is quasinormal if and only if U |T (x, y)| = |T (x, y)|U, the quasinormality
shows that Dx,y = C. Hence {(x, y) | T (x, y) is quasinormal} = ∅. 
Proposition 2.4. T (x, y) is w-hyponormal ⇔ x + y  2 (x  0, y  0).Proof. For brevity, we write T := T (x, y). By direct computation, we have
I.B. Jung et al. / J. Math. Anal. Appl. 304 (2005) 87–95 91T˜ = |T | 12 U |T | 12 =


. . .
. . . 0
C 0
D
1
2
x,yC
1
2 0
Dx,y 0
Dx,y 0
. . .
. . .


,
|T˜ | = Diag{. . . ,C,C, (C 12 Dx,yC 12 ) 12 , Dx,y ,Dx,y,Dx,y, . . .},
and
|T˜ ∗| = Diag{. . . ,C,C, (D 12x,yCD 12x,y) 12 ,Dx,y,Dx,y, . . .}.
Hence we have
|T˜ | |T | ⇔ (C 12 Dx,yC 12 ) 12  C ⇔
(
1
2
x + 1
2
y
) 1
2
C  C
⇔ x + y  2.
On the other hand, |T | |T˜ ∗| is equivalent to Dx,y  (D
1
2
x,yCD
1
2
x,y)
1
2
. To avoid the trivial
case, we assume x > 0 and y > 0. Since
(
D
1
2
x,yCD
1
2
x,y
) 1
2 =
( 1
2x
1
2
√
xy
1
2
√
xy 12y
) 1
2
= 1√
2
√
x + y
(
x
√
xy
√
xy y
)
,
we have
|T | |T˜ ∗| ⇔

x − x√2√x+y −
√
xy√
2
√
x+y
−
√
xy√
2
√
x+y y −
y√
2
√
x+y

 0.
By a simple computation, we have that |T | |T˜ ∗| if and only if x + y  2. 
Theorem 2.5. For p > 0, T (x, y) is absolute-p-paranormal ⇔ x2p + y2p  2 (x  0,
y  0).
Proof. Recall that an operator T := T (x, y) is absolute-p-paranormal if and only if
Θ(λ) := T ∗(T ∗T )pT − (p + 1)λpT ∗T + pλp+1  0
for all λ > 0 [4]. By direct computation, we have
Θ(λ) = Diag{. . . ,C2p+2,C2p+2,CD2px,yC, D2p+2x,y ,D2p+2x,y ,D2p+2x,y , . . .}
− (p + 1)λp Diag{. . . ,C2,C2, D2x,y ,D2x,y,D2x,y, . . .}+ pλp+1.To show Θ(λ) 0 for λ > 0, we need to claim that
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(ii) Θ2(λ) := CD2px,yC − (p + 1)λpC2 + pλp+1  0 (λ > 0);
(iii) Θ3(λ) := D2p+2x,y − (p + 1)λpD2x,y + pλp+1  0 (λ > 0).
First, notice that
Θ1(λ) =
( 1
2 − 12 (p + 1)λp + pλp+1 12 − 12 (p + 1)λp
1
2 − 12 (p + 1)λp 12 − 12 (p + 1)λp + pλp+1
)
.
Then a simple computation shows easily that Θ1(λ) 0 for λ > 0. Second, notice that
Θ2(λ) =


1
4x
2p + 14y2p − 12 (p + 1)λp 14x2p + 14y2p − 12 (p + 1)λp
+ pλp+1
1
4x
2p + 14y2p − 12 (p + 1)λp 14x2p + 14y2p − 12 (p + 1)λp
+ pλp+1

 .
Set
φ1(λ) := 14x
2p + 1
4
y2p − 1
2
(p + 1)λp + pλp+1
and
φ2(λ) := detΘ2(λ) = pλp+1
(
1
2
x2p + 1
2
y2p − (p + 1)λp + pλp+1
)
.
Since φ1(λ) has the minimal value at λ = 1/2, we have
φ1(λ) 0 for λ > 0 ⇔ φ1
(
1
2
)
 0 ⇔ x2p + y2p  1
2p−1
.
Also, φ2(λ)
pλp+1 has the minimal value at λ = 1, so we have
φ2(λ) 0 for λ > 0 ⇔ φ2(1) 0 ⇔ x2p + y2p  2.
If x2p + y2p  2, then x2p + y2p > 12p−1 . Hence
Θ2(λ) 0 (λ > 0) ⇔ x2p + y2p  2.
Finally, since
Θ3(λ) =
(
x2p+2 − (p + 1)λpx2 + pλp+1 0
0 y2p+2 − (p + 1)λpy2 + pλp+1
)
,
a simple computation shows that Θ3(λ) 0 (λ > 0). Hence
Θ(λ) 0 for all λ > 0 ⇔ x2p + y2p  2.
Thus the proof is complete. 
Corollary 2.6.⋂{
(x, y): T (x, y) is absolute-p-paranormal
}= {(x, y): y  1
x
, x > 0
}
.p>0
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lim
p→0(2 − x
2p)
1
2p = 1
x
for each x > 0,
this corollary follows easily from Theorem 2.5. 
Proposition 2.7. Let T be an arbitrary operator in L(H) satisfying |T˜ |  |T |. Then
T is absolute- 12 -paranormal. Therefore, every w-hyponormal operator is absolute-p-
paranormal for every p ∈ [1/2,∞). The number p = 12 is sharp, i.e., in general, the w-
hyponormality does not always imply the absolute-p-paranormality for any p ∈ (0,1/2).
Proof. Suppose that |T˜ | |T |. Then the proof of [3, Theorem 2.2] shows that ‖|T |1/2T x‖
 ‖|T |x‖3/2. Hence T is absolute-1/2-paranormal. Next, consider T (x, y) as an example
for sharpness. Since{
(x, y): x2p + y2p  2} {(x, y): x + y  2}
for any p < 1/2, this example shows that w-hyponormality does not imply the absolute-
p-paranormality for any p ∈ (0,1/2). 
Proposition 2.8. T (x, y) is a normaloid operator ⇔ x  0 and y  0.
Proof. For any n ∈ N,∥∥T (x, y)n∥∥= max{‖Cn‖,‖Dx,yCn−1‖,∥∥D2x,yCn−2∥∥, . . . ,∥∥Dn−1x,y C∥∥,∥∥Dnx,y∥∥}
max
{‖Cn‖,∥∥Dnx,y∥∥}
= max{‖C‖n,‖Dx,y‖n} (since C and D are normal)
= (max{‖C‖,‖Dx,y‖})n
= ∥∥T (x, y)∥∥n.
Hence ‖T (x, y)n‖ = ‖T (x, y)‖n for all n ∈ N, all x  0, and y  0. 
Remark 2.9. Recall that for p > 0, an operator T is said to be of class A(p)
(or p-quasihyponormal, respectively) if (T ∗|T |2pT ) 1p+1  |T |2 (or T ∗(T ∗T )pT 
T ∗(T T ∗)pT , respectively). Then it follows from a direct computation that T (x, y) is p-
quasihyponormal ⇔ x2p + y2p  2 ⇔ T (x, y) is of the class A(p) ⇔ T (x, y) is absolute
p-paranormal. Unfortunately, our model cannot be used to distinguish these classes.
3. Graphs
3.1. Here, the graphs of the regions are drawn in Fig. 1, based on the following:
(I) T (x, y) cannot be quasinormal for any x and y in [0,∞) × [0,∞);
(II) T (x, y) is ∞-hyponormal ⇔ (x, y) ∈ [1,∞) × [1,∞);
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(III) for p > 0, T (x, y) is p-hyponormal ⇔ (x, y) ∈Rp;
(IV) R0 :=⋃p>0{(x, y) | T (x, y) is p-hyponormal} = {(x, y) | y > 1x , x > 0};(V) T (x, y) is w-hyponormal ⇔ x + y  2, x  0, and y  0;
(VI) for p > 0, T (x, y) is absolute-p-paranormal ⇔ x2p + y2p  2 (x, y  0);
(VII) ⋂p>0{(x, y): T (x, y) is absolute-p-paranormal} = {(x, y): y  1x , x > 0};(VIII) T (x, y) is a normaloid operator ⇔ x  0 and y  0.
3.2. In particular, we may consider x = 2 (since ( 12 )
1
2p < 1 for any p ∈ (0,∞)). By
Theorem 2.3, we have
T (2, y) is p-hyponormal ⇔ y  2
(2 · 4p − 1) 12p
=: f (p).
Let Qp := {y > 0: T (2, y) is p-hyponormal}. Then
Q 1
2
=
[
2
3
,∞
)
, Q1 =
[
2√
7
,∞
)
, Q2 =
[
2
4√31 ,∞
)
, . . . ,
Q∞ = [1,∞), and
⋃
Qp =
(
1
,∞
)
.p>0
2
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(See Fig. 2 for the graph of Qp.)
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